q p

Rules for integrands of the form (fx)" (d + ex?)% (a + bx? + ¢ x*)
1. £x)" (ex?)9 (a+bx?+cx*)Pdx
J( )" (ex?)® )

x;waxw(exﬂq(a+bx2+cxﬂpdxmmenmeq

Derivation: Algebraic simplification
Basis: If m € g, then (ex?)? == == (£x)?*

Rule 1.2.2.4.1.1:1f m € g, then

q
J(-Fx)m (ex?) (a+bx? + cx*)Pdx — :Z—q (£%)™29 (a+ b2+ c x*)P dx

Program code:

(¢ INt[(F_.#x_) m_.%(e_.#Xx_"2)"q_.*(a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
enq/fn (2xq) »Int [ (Fxx) A (m+2+q) » (a+bxx 2+cxx”4) *p,x] /;
FreeQ[{a,b,c,e,f,m,p},x] & IntegerQ[q] *)

(% Int[(F_.*x_) m_.*(e_.#X_"2)"q_.*(a_+C_.*X_"4)"p_.,x_Symbol] :=
eAq/fA(Z*q)*Int[(f*x)A(m+2*q)*(a+c*xA4)Ap,x] /3
FreeQ[{a,c,e,f,m,p},x] && IntegerQ[q] x)



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2. J(fx)'" (ex?)9 (a+bx*+cx*)?dx whenq¢z

1: Jx"‘ (ex?)? (a+bx*+cx*)Pdx whenq¢z A %ez

Derivation: Integration by substitution

Basis: If ™2 ¢ 7, then x» (ex?)® = - x (ex?) "%
e 2

Basis: xF[x?] = iSubst[F[x], X, X2] 8x?

Rule1.2.2.4.1.2.1:Ifq ¢ Z A % e 7,then

jx’" (ex?) (a+bx®+cx*)Pdx —

m-1

Subst[j(e X)q+¥ (a+bx+cx?)Pdx, x, xz]
2ez

Program code:

Int[x_"m_.*(e_.*x_"2)"q_x(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/ (2xe”~((m-1) /2) ) *Subst [Int[ (exx)~ (q+ (m-1) /2) » (a+b*x+Cc*x"2) *p,x],X,Xx 2] /;
FreeQ[{a,b,c,e,p,q},x] & & Not[IntegerQ[q]] && IntegerQ[ (m-1) /2]

Int[x_"m_.*(e_.*x_"2)"q_*(a_+C_.*Xx_"4)"~p_.,x_Symbol] :=
1/ (2xe”~((m-1) /2) ) »Subst [Int[ (exx)~ (q+ (m-1) /2) » (a+C*Xx"2) *p,X],X,X 2] /;
FreeQ[{a,c,e,p,q},x] && Not[IntegerQ[q]] && IntegerQ[ (m-1)/2]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: J(fx)'" (ex?)? (a+bx?+cx*)Pdx whenq ¢z

Derivation: Piecewise constant extraction
Basis: a, i(:)—
Rule 1.2.2.4.1.2.2:If q ¢ Z, then

eIn'cPart[q] (e Xz) FracPart[q]

j(fx)"' (ex2)°I (a+bx2+cx4)pc'ﬂx — (Fx)'"+2q (a+bx2+cx4)pdlx

.Fz IntPart[q] ('F X) 2 FracPart[q]

Program code:

Int[(F_.#x_)™m_.% (e_.*X_"2)"q_* (a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
erIntPart[q] « (exx"2) ~FracPart[q]/(f~ (2xIntPart[q])« (fxx)~ (2xFracPart[q]))+Int[ (fxx)" (m+2xq) * (a+bxx"2+cxx 4) "p,x] /;
FreeQ[{a,b,c,e,f,m,p,q},x] & Not[IntegerQ[q]]

Int[ (F_.*Xx_) M_. % (e_.*X_"2)"q_x (a_+C_.*x_"4)"p_.,x_Symbol] :=
eAIntPart[q]*(e*xAz)AFracPart[q]/(f“(z*IntPart[q])*(f*x)A(Z*FracPart[q]))*Int[(f*x)A(m+2*q)*(a+c*xA4)Ap,x] /8
FreeQ[{a,c,e,f,m,p,q},x] & Not[IntegerQ[q]]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: Jx (d+ex2)q (a+bx2+cx4)pdlx

Derivation: Integration by substitution

Basis: xF[x?] = iSubst[F[x], X, X2] 8x?

Rule 1.2.2.4.2:

1
jx (d+ex?)? (a+bx®+cx*)Pdx — ;Subst[j(d+ex)q (a+bx+cx?)Pax, x, xz]

Program code:

Int[x_=*(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
1/2%Subst [Int[ (d+exXx) *q* (a+b*X+Cc*Xx"2) *p,X],X, X 2] /;
FreeQ[{a,b,c,d,e,p,q},X]

Int[x_=*(d_+e_.*x_"2)"q_.*(a_+C_.*X_"4)"p_.,x_Symbol] :=
1/2%Subst [Int[ (d+exXx) *q* (a+C*X"2) *p,X] ,X,X*2] /;
FreeQ[{a,c,d,e,p,q},X]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

3. j(fx)"' (d+ex2)q (a+bx2+cx4)pd1x whenb?-4ac=0

X: J(-Fx)'" (d+ex?)? (a+bx*+cx*)Pdx whenb?’-4ac=0 A pez

Derivation: Algebraic simplification
Basis: If b> -4 ac=0,thena+bz+cz?=2 (g+cz)2
Rule1.2.2.43.1:1f b2-4ac =0 A p e Z,then

J(fx)'" (d+ex2)q (a+bx2+cx4)pd1x — lpj(fx)"' (d+ex2)q (E+cxz]2pdlx
c 2

Program code:

(* Int[(F_.*x_) m_.x(d_+e_.*X_"2)"q_. (a_+b_.*X_"2+C_.*x_"4)"p_.,x_Symbol] :=
1/crpxInt[ (Fxx)mx (d+exx 2) ~q* (b/2+C*x*2) ~ (2%p) ,X| /;
FreeQ[{a,b,c,d,e,f,m,p,q},x| && EqQ[b*2-4xaxc,0] && IntegerQ[p] =)



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2. J(-Fx)'" (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac=0 A p¢z

1: Jxm (d+ex?)? (a+bx®+cx*)Pdx whenb?-4ac=0 Ape¢zZ A "';—leT

Derivation: Integration by substitution

Basis: If % € Z,then x» F[x?] = iSubst[ng[x], X, X2] 8, x?

Note: If this substitution rule is applied whenm e z-, expressions of the form Log [ x? | rather than Log [x] may
appear in the antiderivative.

Rule1.2.24.32.1:1f b>-4ac=0 A p¢z A ™ ez, then

Jx'“ (d+ex?)? (a+bx®+cx*)Pdx — %Subst[J‘xg (d+ex)? (a+bx+cx?)?dx, x, xz]

Program code:

Int[x_"m_.*(d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
1/2%Subst [Int [x” ((m-1) /2) % (d+exX) *q* (a+bxX+CxX"*2) *p,Xx],X,X*2] /;
FreeQ[{a,b,c,d,e,p,q},x] & & EqQ[b”2-4xaxc,0] && Not[IntegerQ[p]] && IGtQ[ (m+1)/2,0]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: J-(fx)'" (d+ex?)? (a+bx?+cx*)?dx whenb®-4ac=0 A p¢z

Derivation: Piecewise constant extraction
+ 2, 4\P
Basis: If b? - 4 a c == 0, then oy {asbxteext)”

(%+cx2)2p

p

(a+b x24iC X4> (a+bx2+cx4>Fr‘acPar‘t[p]

2 - 1 2 FracPart
) P cIntpart[p <g+c X2> [p]

Basis: If b> -4 a ¢ == 0, then

(g+cx2

Rule1.2.2.43.2.2:1f b>-4ac =0 A p ¢ Z,then

(a +b Xz +C X4) FracPart[p]

J(fx)m (d+ex2)q (a+bx2+cx4)pd1x —

(Fx)" (d+ex2)q (E+cx2)2pdlx

2F Part
cIntpart [p] (g N CXZ) racPart[p]

Program code:

Int[ (F_.#x_) m_.x (d_+e_.*X_"2)"q_.* (a_+b_.*X_"2+C_.*X_"4)"p_,x_Symbol] :=
(a+b*x*2+cxx”*4) ~FracPart [p] / (c*"IntPart[p] * (b/2+c*x*2)~ (2xFracPart[p])) *
Int[ (f*x)"mx (d+exx"2) ~qx (b/2+Cxx"2) ~ (2%p) ,X] /3
FreeQ[{a,b,c,d,e,f,m,p,q},x]| && EqQ[b"2-4xaxc,0] && Not[IntegerQ[p]]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

4: Jx'“ (d+ex?)? (a+bx*+cx*)Pax when%ez

Derivation: Integration by substitution

Basis: If % ez, then xr [xz] =1 Subst[x? FIx], X, xz] By X2

Rule1.2.2.4.4.: If % € 7, then

1 -
Jx“‘ (d+ex?)? (a+bx®+cx*)Pdx — —Subst[‘J‘xT1 (d+ex)9 (a+bx+cx?)?dx, x, xz]
2

Program code:

Int[x_"m_.x(d_+e_.xx_"2)"q_.*(a_+b_.*x_"2+C_.*X_"4)"p_.,x_Symbol] :=
1/2%Subst [Int [x” ((m-1) /2) * (d+exX) *q* (a+bxX+Cc*Xx"*2) *p,Xx],X,X*2] /;
FreeQ[{a,b,c,d,e,p,q},x] && IntegerQ[ (m-1)/2]

Int[x_"m_.x(d_+e_.xx_"2)"q_.*(a_+C_.*x_"4)"p_.,x_Symbol] :=
1/2%Subst [Int [x” ((M-1) /2) * (d+exX) *q* (a+C*X"2) *p,X] ,X, X 2] /;
FreeQ[{a,c,d,e,p,q},x] &% IntegerQ[ (m+1) /2]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

5.J}fxw(d+ex%q(a+bx2+cxﬁpdxvmenw-4ac¢aAcdz-bde+ae2=e

1: J(fx)m(d+ex2)q (a+bx2+cx4)pd1x whenb?-4ac#0 A cd’>-bde+ae?=0 ApezZ

Derivation: Algebraic simplification

Basis:If cd>-bde+ae?-==0,thena+bz+cz?= (d+ez) (3+%)

Rule1.2.2.45.1:1f b2-4ac+0 A cd’>-bde+ae?=0 A peZthen

m 2 2 4 m 2yq+p [ 2@ cx?)\P
[(£0)" (@rex)® (asbxtvext)Pax — [(£)" (d+ex) [T ] ax
e

Program code:

Int[(F_.*x_) m_.x (d_+e_.*X_"2)"q_.* (a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
Int[ (f*x) " mx (d+exx2) " (q+p) * (a/d+c/exx"2) *p,x| /;
FreeQ[{a,b,c,d,e,f,m,q},x] & NeQ[b*2-4xaxc,0] && EqQ[cxd"2-bxd+e+axe”2,0] & IntegerQ[p]

Int[ (F_.*x_) m_.x(d_+e_.*X_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
Int [ (fxx)~mx (d+exx"2) " (q+p) » (a/d+c/exx"2)*p,x]| /;
FreeQ[{a,c,d,e,f,q,m,q},x] & EqQ[cxd"2+axe"2,0] && IntegerQ[p]

2: J\(1=x)"'(d+ex2)q (a+bx*+cx*)Pdx whenb?’-4ac#0 A cd’-bde+ae’=0 Ap¢z

Derivation: Piecewise constant extraction

" 2, 4\P
Basis:If cd? -bde + ae? = 0, then oy (a+bX CX)Z =
(drex?)P (g+%)

FracPart
(a+bx2+cx*)P [p1

b x2+c x4
Basis:If cd®> -bde +ae? = 0,then - (a+b x?re x*)

(d+e xz)p §+CTXz)p

FracPart 2\ FracPart[p]
<d+EX2> racPart[p] (ngcx )

d e



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p
Rule1.2.2.452:1f b>-4ac+0 A cd’-bde+ae?==0 A p ¢ Z,then

(Fx)" (d+ext)® (24 ) ax
/ o)

(a +b xz i C X4) FracPart[p]

d e

J(-Fx)'" (d+ex?)? (a+bx*+cx*)Pdx —

2\ FracPart[p]
(d+ex2)FracPart[p] (3 + c: )

Program code:

Int[ (F_.*x_) m_.»(d_+e_.*Xx_"2)"q_x (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+b*x"*2+c*x”4) *FracPart[p] / ( (d+exx”~2) *FracPart [p] * (a/d+ (c*x”"2) /e) “FracPart [p]) *
Int[ (Fxx)Amx (d+exx2) A (q+p) * (a/d+c/exx"2) "p,x] /;
FreeQ[{a,b,c,d,e,f,m,p,q},x| && NeQ[b*2-4xaxc,0] && EqQ[cxd*2-bxd+e+axe”2,0] & Not[IntegerQ[p]]

Int[(F_.*x_) m_.x(d_+e_.*Xx_"2)"q_x (a_+C_.*X_"4)"p_,Xx_Symbol] :=
(a+cxx”4) “FracPart[p]/ ( (d+exx”~2) *FracPart[p] * (a/d+ (c*x”"2) /e) *FracPart[p]) *Int [ (-F*x) Amx (d+exx"2) " (q+p) * (a/d+c/exx"2) "p,x] /5
FreeQ[{a,c,d,e,f,m,p,q},x] & EqQ[c*d"2+axe~2,0] && Not[IntegerQ[p]]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

6. j(fx)"' (d+ex?)? (a+bx?+cx*)Pdx whenb?-4ac#06 A pez*
m

1. Jx"‘ (dvex®)? (a+bx*+cx*)Pdx whenb?-4ac#0 A pez* A (; | q) €z A q<-1

m

1: jx'“ (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac#@ A pez* A (;|q)ez Aq<-1Am>0

Derivation: Algebraic expansion and binomial recurrence 2b
Note:If pez*n (% |q) €z A q<0,then L2 2P (—d)ke2Pkp,, [x2, k]| is the coefficient of the

e2 p+m/2

(d + e x?) Y term of the partial fraction expansion of x,, [x?] (a+ex)°.

Note:If pez* A (5 |q) €Z A q<-1 A m>8,then

2e2P2 (q+1) X" (a+bx?+cx?)P - (-d)™2? (cd?-bde+ae?)® (d+e (2q+3) x2) Will be divisible by a+bx2.
Note: In the resulting integrand the degree of the polynomialin x2isat mostq - 1.
Rule1.2.2.46.1.1:1f b>-4ac+@ Apez°A (3]q)eZ Ag<-1Am>0,then

-J-x'“ (d+ex2)q (a+bx2+cx4)pd1x —

(_d)m/Z
e2p+m/2

(cdz—bde+ae2)pj(d+ex2)qu+ J~(d+ex2)q (e2P2x" (a+bx® +cx*)P - (-d)™? (cd’-bde+ae’)?) dx —

e2 p+m/2

(-d)y™** (cd*-bde+ae?)’x (d+ex2)q+1

2 e2p+m/2 (q + 1)

+

1 1
mj-(d+ex2)q“l [d+ex2 (2e*P™2 (q+1) x" (a+bx®+cx*)P - (-d)™?* (cd’-bde+ae?)’ (d+e (2q+3) x*)) | dx

Program code:

11



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

Int[x_"m_.*(d_+e_.*x_"2)"q_= (a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=
(-d)~(m/2-1) » (cxd”*2-bxdxe+axe”2) "pxxx (d+exx"2) ~ (q+1) / (2xe” (2xp+m/2) x (q+1) ) +
1/ (2xe” (2xp+m/2) * (q+1) ) *Int[ (d+exx"2) " (q+1) »
ExpandToSum[Together [1/ (d+e*xX"2) x (2xe” (2xp+m/2) * (q+1) *X m* (a+b*Xx*2+c*x"4) *p-
(-d)~(m/2-1) * (cxd*2-bxd+e+axe”2) *px (d+e* (2xq+3) *x*2) ) ]1,x],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && IGtQ[p,0] && ILtQ[qg,-1] && IGtQ[m/2,0]

Int[x_"m_.*(d_+e_.*x_"2)"q_=*(a_+C_.*X_"4)"p_.,x_Symbol] :=
(-d)~(m/2-1) » (cxd*2+a%xe”2) *pxx* (d+exx"2) ~ (q+1) / (2xe” (2xp+m/2) » (q+1)) +
1/ (2xe” (2xp+m/2) x (q+1) ) *Int [ (d+e*x"2) " (q+1)
ExpandToSum[Together [1/ (d+exXx"2) x (2xe” (2xp+m/2) * (q+1) *X" m* (a+C*Xx"4) “p-
(-d)~ (m/2-1) % (cxd*2+axe”2) ~px (d+ex* (2xq+3) *xx2) ) ],X],X] /;
FreeQ[{a,c,d,e},x] && IGtQ[p,0] && ILtQ[qg,-1] && IGtQ[m/2,0]

m

2: Jx’" (d+ex?)? (a+bx®+cx*)Pdx whenb?-4ac#0 A pez' A (;|q) €Z Aq<-1Am<0

Derivation: Algebraic expansion and binomial recurrence 2b

Note:lf pe Z* A (m | q) €Z A q < ©,then S22 522 (_a)ke2vp,, [, k] is the coefficient of the (d + e x?) I term of

@2p+n/2

the partial fraction expansion of xvp,,[x?] (d + ex?)".

Note:lf peZz*A (m|q) €Z AN q< -1 A m<0,then

2 (-d) ™21e?P (g+1) (a+bx?+cx*)P-e™2 (cd’-bde+ae?)’x ™" (d+e (2q+3) x?) willbe
divisible by a+bx2,

Note: In the resulting integrand the degree of the polynomialinx2isat mostq - 1.

Rule1.2.2.46.1.2:1f b>-4ac+@ Apez°A (3]q)eZ Ag<-1Am<0,then

Jx'“ (d+ex?)? (a+bx®+cx*)Pdx —

(_d)m/z

m(cd2-bde+ae2)pj(d+ex2)qd1x+

e +|
_dqym/2
( dz)p Jxm (d+ex®)? ((-d)™?e®? (a+bx*+cx*)?-e™? (cd®*-bde+ae?)’x™) dx —
e

12



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

(-d)m/2-1 (Cdz—bde+ae2)px (d+ex2)q+1

+
2 e2p+m/2 (q + 1)

_dym/2-1 1
) e X" (d+ex2)c|+1 (2 (-d) ™*1e?P (q+1) (a+bx?+cx*)P-e™? (cd’-bde+ae’)’x™" (d+e (2q+3) x?})) | dx
2e?P (q+1) d+ex?

Program code:

Int[x_"m_x (d_+e_.*x_"2)"q_x(a_+b_.xx_"2+c_.*Xx_"4)"p_.,x_Symbol] :=
(-d)~(m/2-1) * (cxd*2-bxdxe+axe”2) *pxxx (d+e*xx"2) ~ (q+1) / (2xe” (2xp+m/2) » (q+1)) +
(-d)~(m/2-1) / (2xe” (2xp) * (q+1) ) *Int [ X" mx (d+e*xx"2) " (q+1) *»
ExpandToSum[Together[1/ (d+exXx"2) % (2% (-d) ~ (-m/2+1) xe” (2xp) * (q+1) * (A+b*Xx*2+cxx*4) *p -
(e~ (-m/2) x (cxd*2-bxdxe+axe”2) *pxx” (-m) ) *x (d+ex (2xq+3) *x*2))1,x],x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &% IGtQ[p,0] && ILtQ[qg,-1] && ILtQ[m/2,0]

Int[x_"m_x(d_+e_.xx_"2)"q_=*(a_+C_.*X_"4)"p_.,x_Symbol] :=
(-d)~(m/2-1) * (cxd*2+axe”2) *pxx* (d+exx*2) * (q+1) / (2xe” (2xp+m/2) * (q+1)) +
(-d)~(m/2-1) / (2xe” (2xp) * (q+1) ) *Int [X*m* (d+exx"2) * (q+1) »
ExpandToSum[Together [1/ (d+e*X"2) » (2% (-d) * (-m/2+1) xe” (2xp) * (q+1) * (a+C*X*4) *p -
(er(-m/2) x (cxd*2+axe”2) *pxx”~ (-m) ) » (d+e* (2xq+3) *x*2) ) ]1,x],x] /;
FreeQ[{a,c,d,e},x] && IGtQ[p,0] && ILtQ[q,-1] && ILtQ[m/2,0]

13



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: J(-Fx)'" (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac#@ ApezZ'Aq+2ez’

Derivation: Algebraic expansion

Rule1.2.2.46.2:1f b>-4ac+0 ApeZ A q+2eZ,then

J(fx)'" (d+ex?)? (a+bx®+cx*)Pdx — JExpandIntegrand[(fx)m (d+ex?)? (a+bx®+cx*)?, x] dx

Program code:

Int[(F_.*x_) M_.% (d_+e_.*X_"2)"q_.* (a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m(d+exx"2) g (a+b*x"2+c+x"4) p,x],x]| /;
FreeQ[{a,b,c,d,e,f,m,q},x] & NeQ[b*2-4xaxc,0] & IGtQ[p,0] && IGtQ[q,-2]

Int[ (F_.*x_) m_.x(d_+e_.*X_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m(d+exx"2)"q« (a+c*x"4)*p,x],x]| /;
FreeQ[{a,c,d,e,f,m,q},x] & IGtQ[p,0] && IGtQ[q,-2]

3: J(fx)"' (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac#@ ApeZ*Aq<-1 Am>0

Derivation: Algebraic expansion and quadratic recurrence 2a

Rule1.2.2.4.63:1f b2-4ac+@ ApeZ*Aqgq<-1Am>0,
letQ[x] » PolynomialQuotient[(a+bx?+cx*)P, d+ex?, x| and
R > PolynomialRemainder| (a+bx?+cx*)?, d+ex?, x|, then

J.(-Fx)'" (d+ex2)q (a+bx2+cx4)pdlx —

Rj(fx)m (d+ex2)qu+J(fX)m'1 (Fx) QIx] (d+ex?)¥ ax —



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

i R (f x)m+1 (d+e xz)q+1 . f
2df (q+1) 2d (q+1)

JXfxﬂ*(d+exﬂq“(2d(q+1)xqu]+R(m+2q+3)x)dx

Program code:

Int [ (f_.*x_)"m_.*(d_+e_.*x_"2)"q_x(a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient[ (a+bxx"2+c*x"4) " p,d+exx"2,x],
R=Coeff [PolynomialRemainder [ (a+b»x"2+c#x"4)~p,d+exx"2,x],X,0] },
=R (Fxx) A (Me1) » (d+exx”2) A (q+1) /(2xdxfx (q+1) ) +
£/ (2xdx (q+1) ) xInt [ (Fxx)~ (m-1) # (d+exx*2) ~ (q+1) xExpandToSum[2xdx (q+1) *x*Qx+Rx (m+2xq+3) *x,x1,x] ] /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & IGtQ[p,0] & LtQ[q,-1] && GtQ[m,0]

Int[ (f_.*x_)"m_.(d_+e_.*Xx_"2)"q_x(a_+C_.*X_"4)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient[ (a+cxx"4)"p,d+e*x"2,x],
R=Coeff[PolynomialRemainder [ (a+c*Xx"4)~p,d+exx"2,x],x,0] },
-R* (f*x) A(m+1) * (d+exx"2)~ (q+1)/(2*d*f* (q+1) ) +
£/ (2xdx (q+1) ) »Int [ (fxx)~ (m-1) # (d+exx2) ~ (q+1) xExpandToSum [2xdx (q+1) xX*Qx+R# (M+2%q+3) *x,x1,x] ] /3
FreeQ[{a,c,d,e,f},x]| && IGtQ[p,0] && LtQ[q,-1] && GtQ[m,0]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

4: J(fx)'" (d+ex?)? (a+bx*+cx*)Pdx whenb?-4ac#8 A pez*Am<-1

Derivation: Algebraic expansion and quadratic recurrence 3b

Rule1.2.246.4:1fb>-4ac+0@ ApezZ*Am< -1,

let Qrx] - Polynomialquotient[ (a+bx?+cx?)?, £x, xJand R - PolynomialRemainder‘[ (a +bx?+c x4) Pofx,

then

J(fx)'" (d+ex?)? (a+bx®+cx*)Pdx —
Rj(fx)'" (d+ex2)qu+J(fX)m+1Q[x] (d+ex?)%dx —

df (m+1) Q[x]

R (-Fx)'""1 (d+ex2)q+1 1
+

df (m+1) df? (m+1) X

Program code:

Int[ (F_.*x_) m_x (d_+e_.*x_"2)"q_.* (a_+b_.#x_"2+c_.*x_"4)"p_.,x_Symbol] :=
With[{Qx=PolynomialQuotient[ (a+bxx"2+c+x"4)~p,fxx,x], R=PolynomialRemainder[ (a+bxx"2+cxx"4)"p,fxx,x]},
R* (f*x) A(m+1) * (d+exxr2) A (q+1)/(d*f* (m+1) ) +
1/ (d*fr2% (m+1) ) #Int [ (Fxx) " (M+2) » (d+exx"2) *q+ExpandToSum [dxfx (m+1) xQx/x-exR+ (m+2+q+3) ,x],x]] /;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[b"2-4xaxc,8] & IGtQ[p,0] & LtQ[m,-1]

Int[ (F_.*x_) m_x (d_+e_.*X_"2)~q_.*(a_+C_.*X_"4)"p_.,x_Symbol] :=

With[{Qx=PolynomialQuotient[ (a+c#x"4)~p,fxx,x], R=PolynomialRemainder[ (a+cxx"4)"p,f+x,x]},

R (f*x) A(m+1) * (d+exx”2)~ (q+1)/(d*f* (m+1) ) +

1/ (d*fr2% (m+1) ) #Int [ (Fxx) " (m+2) » (d+exx"2) *q+ExpandToSum [dxfx (m+1) «Qx/x-exRx (m+2+q+3) ,x],x]] /3
FreeQ[{a,c,d,e,f,q},x] && IGtQ[p,0] && LtQ[m,-1]

J(fx)"”z (d+ex?)? (——eR (m+2q+3)|dx

16



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

5: J‘(fx)'"(d+ex2)q (a+bx*+cx*)Pdx whenb?-4ac#@ ApeZ'Aq¢Z Am+4p+2q+1#0

Reference: G&R 2.104
Derivation: Algebraic expansion and binomial recurrence 3a

Rule1.2.2.4.65:1f b>-4ac+0@ ApeZ*Aqe¢eZ Am+4p+2g+1+0,then

J(fx)'" (d+ex2)q (a+bx2+cx4)pd1x —

p

;—p (-Fx)'"+4p (d+ex2)qu+J(fX)m (d+ex®)? ((a+bx®+cx?)? - x*P) dx —

cP (-Fx)'""‘”"1 (c]+ex2)q+1 1
.

ef'Pl m+4p+2q+1) eMmM+4p+2q+1)

j(fx)'" (d+ex?)? (e (m+4p+2q+1) ((a+bx*+cx*)P-cPx?*?) -dcP (m+4p-1) x*P?) dx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"2)"q_.* (a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
crpx (Fxx) A (M+dxp-1) » (d+exx"2) ~ (q+1) / (exf" (4xp-1) + (M+4xp+24q+1) ) +
1/ (ex (m+4xp+2xq+1) ) *Int [ ('F*x) mx (d+exx"2) *q*
ExpandToSum[ex (Mm+4xp+2xq+1) * ( (a+b*X"2+C*X*4) *p-c p*X” (4%p) ) -d*xCc p* (M+4%p-1) *X” (4xp-2) ,X] ,x] /5
FreeQ[{a,b,c,d,e,f,m,q},x] && NeQ[b"2-4xaxc,0] & IGtQ[p,0] & Not[IntegerQ[q]] && NeQ[m+4xp+2xq+1,0]

Int[(F_.#x_) m_.*(d_+e_.*Xx_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
crp# (Fax) A (M+dxp-1) x (d+exx2) A (q+1) / (exf (44p-1) * (M+4xp+2xq+1) ) +
1/ (e* (m+4xp+2xq+1) ) *Int [ (-F*x) mx (d+exx”2) *q*
ExpandToSum[ex (m+4xp+2xq+1) * ( (a+C*X"4) *p-c p*X" (4%p) ) -d*C px (M+4*p-1) *X” (4xp-2) ,X] Jx] /5
FreeQ[{a,c,d,e,f,m,q},x] & IGtQ[p,0] & Not[IntegerQ[q]] && NeQ[m+4xp+2+q+1,0]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

7: J(-Fx)"' (d+ex2)q (a+bx2+cx4)pdlx when b2 -4ac#0 A meF

Derivation: Integration by substitution
Basis: If k € Z*, then (£x)"F[x] = Esubst[xk ™D-1F[X], x, (£x)*] o, (Fx)¥*

Rule1.2.2.4.7:1f b>-4ac +0 A meF,letk = Denominator [m], then

k 2k\4d b 2k 4 k
j(fx)m(d+ex2)q (a+bx2+cx4)pd1x — ;SubstU.xk(’""l)‘1 [d+ex ] (a+ X £x

p
o + ] dX, X, (fx)l/k]

.FZ ‘F4

Program code:

Int[ (F_.*x_) m_x (d_+e_.*x_"2)"q_.*(a_+b_.*x_"2+c_.+x_"4)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/fxSubst [Int[x” (ks (m+1) -1) # (d+exx” (2xk) /F72) Aqx (a+bxx” (2xk) /Frk+cxx” (4xk) /£24) "p,x],x, (F*x)~(1/k) ] /3
FreeQ[{a,b,c,d,e,f,p,q},x] && NeQ[b*2-4xaxc,8] & FractionQ[m] && IntegerQ[p]

Int[ (f_.*x_) m_x(d_+e_.*x_"2)"q_.* (a_+C_.*Xx_"4)"p_,x_Symbol] :=

With [ {k=Denominator[m]},

k/fxSubst [Int[x” (k« (m+1) -1) # (d+exx” (2xk) /) 2qx (a+cxx” (4xk) /) *p,x],x, (Fxx)~(1/K) ] /3
FreeQ[{a,c,d,e,f,p,q},x] & FractionQ[m] && IntegerQ[p]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p 19

8. J(fx)m(d+exz) (a+bx2+cx4)pd1x whenb?-4ac#0
1. J(fx)m(d+ex2) (a+bx2+cx4)pd]x whenb?-4ac#0 A p>0

1: J(fx)m(d+ex2) (a+bx*+cx*)Pdx whenb?-4ac#@ Ap>@ Am<-1 Am+2(2p+1) +1#0

Derivation: Trinomial recurrence 1a

Rule1.2.2.4.8.1.1:1f b2-4ac+@ Ap>0 Am<-1 Am+2 (2p+1) +1+0,then

J(-Fx)"' (d+ex2) (a+bx2+cx4)pd1x —

(fx)m+1 (a+bX2+Cx4)p (d (4p+m+3) +e (m+1) XZ)

f(m+1l) (m+4p+3) '

2p
f2(m+1) (m+4p+3)

J}fxﬂ“(a+bx2+cxﬂp4(2ae(m+1)-bd(m+4p+3)+(be(m+1)-2cd(m+4p+3))f)dx

Program code:

Int [ ('F_. *x_) Am_.*(d_+e_.*xXx_"2)*(a_+b_.*x_"2+Cc_.*x_"4)"p_. ,x_Symbol] 9=
(F*x) A (M+1) % (a+b*X"2+C4X 4) Apx (dx (M+4xp+3) +ex (M+1) xx*2) / (Fx (M+1) % (M+dxp+3)) +
2*p/('F"2* (M+1) * (M+4%p+3) ) *Int [ ('F*X) A(M+2) *x (a+bxx"2+c*x"4) ~ (p-1) *
Simp[2xaxex (m+1) ~bxdx (Mm+4xp+3) + (bxex (m+1) —2xCxdx (M+4%xp+3) ) *x"2,X] ,X] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && GtQ[p,0] && LtQ[m,-1] & m+4xp+3#0 && IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m])

Int[(F_.*x_) m_.x(d_+e_.*X_"2)*(a_+C_.*X_"4)"p_.,x_Symbol] :=

('F*X) A(m+l) * (a+C*xX4) Apx (d* (M+4xp+3) +ex (m+1) *XAZ)/('F* (m+1) x (m+4%p+3) ) +

4*p/('F"2* (M+1) * (M+4%p+3) ) *Int [ ('F*X) A(M+2) % (a+C*X4) A (p-1) » (a*xe* (m+1) —cxd* (Mm+4xp+3) ¥x"2) ,X] /3
FreeQ[{a,c,d,e,f},x]| && GtQ[p,0] & LtQ[m,-1] && m+4xp+3#0 & IntegerQ[2+p] & (IntegerQ[p] || IntegerQ[m])



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p 20

2: J(fx)m(d+ex2) (a+bx*+cx*)Pdx whenb?-4ac#@ Ap>@ Am+4p+1#0 Am+4p+3#0

Derivation: Trinomial recurrence 1b

Rule1.2.2.48.1.2:1fb2-4ac+@ Ap>0 Am+4p+1+0 Am+4p+3+0,then

J(fx)m (d+ex?) (a+bx®+cx*)Pdax —

(Fx)™! (a+bx2+cx*)? (2bep+cd (m+4p+3) +ce (4p+m+1) x?)

+

cf(m+4p+1) (m+4p+3)

2
P J(fx)m(a+bx2+cx4)p'1~

c(m+4p+1) (m+4p+3)
(2acd (m+4p+3) -abe (m+1) + (2ace (m+4p+1) +bcd (m+4p+3) -b*e (m+2p+1)) x*) dx

Program code:

Int[ (F_.*x_)™m_.x (d_+e_.*X_"2)* (a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
('F*X) A(m+1) * (a+b*X"2+C*xX"4) *p*x (bxe*x2xp+Cxdx (M+4xp+3) +Cxe*x (4xp+m+1) *X"Z)/
(C*'F* (4%p+m+1) % (M+4%p+3) ) +
2xp/ (Cx (Axp+m+1) * (m+4xp+3) ) *Int [ ('F*X) Am* (a+b*x*2+cxx”"4) ~ (p-1) *
Simp[2xaxC*xd* (M+4xp+3) —axbxex (m+1) + (2xaxCxe* (4xp+m+1) +bxcxdx (Mm+4xp+3) -b 2xe*x (M+2xp+1) ) ¥*x*2,Xx] ,X] /5
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4xaxc,0] & GtQ[p,0] && NeQ[4xp+m+1,0] && NeQ[m+4xp+3,0] 8&& IntegerQ[2+p] && (IntegerQ[p] || IntegerQ

Int[(F_.*x_) m_.%(d_+e_.*X_"2)*(a_+C_.*Xx_"4)"p_.,x_Symbol] :=

(F*x) A (M+1) % (a+CxX"4) Apx (Cxd# (M+dxp+3) +Cxex (Axp+m+l) xx"2) /(Cxfx (4xp+m+l) « (M+dxp+3)) +

4xaxp/ ((4*p+m+1) x (M+4%p+3) ) *Int [ (Fxx) ‘mx (a+Cxx"4) ~ (p-1) +Simp [dx (M+4xp+3) +ex (4xp+m+1) xx 2,X1,X]| /;
FreeQ[{a,c,d,e,f,m},x] && GtQ[p,0] & NeQ[4xp+m+1,0] && NeQ[m+4+p+3,0] && IntegerQ[2+p] & (IntegerQ[p] || IntegerQ[m])



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2. J(fx)'" (d+ex?) (a+bx*+cx*)?dx whenb?-4ac#@ A p<-1

1: J(-Fx)m(d+ex2) (a+bx2+cx4)pd1x whenb?-4ac#0 Ap<-1 Am>1

Derivation: Trinomial recurrence 2a

Rule 1.2.2.4.82.1:1f b>-4ac+0 A p< -1 A m>1,then
~J‘(Fx)'" (d+ex?) (a+bx*+cx*)Pdx —

f(Fx)"" (a+bx?+cx?)?" (bd-2ae- (be-2cd) x?)

2(p+1) (b*>-4ac)
.FZ

2(p+1) (b*-4ac)

Program code:

Int [ ('F_. *x_) Am_.x(d_+e_.xx_"2)x(a_+b_.*¥x_"2+c_.xx_"4)" p_. ,x_Symbol] =
f*(f*x)A(m—l)*(a+b*xA2+c*xA4)A(p+1)*(b*d-z*a*e—(b*e—z*c*d)*xAZ)/(2*(p+1)*(bA2-4*a*c)) -
'F"Z/(Z* (p+1) * (b"2-4xaxc)) xInt [ ('F*X) A(M-2) x (a+bxx"2+c*x"4) ~ (p+1) *
Simp[ (m-1) x (bxd-2xaxe) - (4xp+4+m+1) x (bxe-2xCxd) xx"2,Xx] ,x] /5
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & LtQ[p,-1] && GtQ[m,1] & IntegerQ[2+p] & (IntegerQ[p]

Int[ (F_.#x_)™m_.% (d_+e_.*Xx_"2) % (a_+C_.#X_"4)"p_.,x_Symbol] :=

fx ('F*X) A(m-1) x (a+C*x"4) ~ (p+1) » (axe-cxdxx"2) / (AxaxcC* (p+1)) -

f"z/(4*a*c* (p+1) ) *Int [ (‘F*x) A(M-2) x (a+CxX*4) A (p+1) *x (axex (M-1) —cxd* (4xp+4+m+1) xX 2) ,x] /3
FreeQ[{a,c,d,e,f},x] && LtQ[p,-1] & GtQ[m,1] && IntegerQ[2sp] && (IntegerQ[p] || IntegerQ[m])

J‘(-Fx)'"'2 (a+bx2+cx“)p":l ((m-1) (bd-2ae) - (4p+m+5) (be-2cd) x?) dx

|| IntegerQ[m])
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: J(fx)"' (d+ex?) (a+bx*+cx*)’dx whenb?-4ac#0 A p<-1

Derivation: Trinomial recurrence 2b

Rule1.2.2.4.8.2.2:1f b2-4ac+0 A p < -1,then
J(fx)m (d+ex?) (a+bx®+cx*)Pdax —

(-Fx)'"+1 (a+bx2+cx4)p+1 (d (b*-2ac) -abe+ (bd-2ae) cx?)
- +

2af (p+1) (b>-4ac)

J(-Fx)"' (a+bx2+cx4)p+1-
2a(p+1) (b*-4ac)

(d(b*> m+2p+3) -2ac (m+4 (p+1) +1)) ~abe (m+1) +c (M+2 (2p+3) +1) (bd-2ae) x?) dx

1

Program code:

Int[ (F_.*x_) m_.x (d_+e_.*X_"2) (a_+b_.*X_"2+C_.*X_"4)"p_,x_Symbol] :=
-(f*x)A(m+1)*(a+b*xA2+c*xA4)A(p+1)*(d*(bAZ—z*a*c)—a*b*e+(b*d—z*a*e)*c*xAZ)/(z*a*f*(p+1)*(bA2—4*a*c)) +
1/ (2*ax (p+1) * (b*2-4xaxc) ) xInt [ ('F*X) Am* (a+bxx*2+cxx"4) ~ (p+1) *

Simp[dx (b"2x (M+2% (p+1) +1) -2%xa*Cx (M+4* (p+1) +1) ) —axbxex (m+1) +C* (M+2x (2xp+3) +1) * (bxd-2xaxe) xx*2,x] ,x] /5

FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4+axc,0] & LtQ[p,-1] && IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m])

Int[ (F_.*x_)™m_.x(d_+e_.*X_"2)*(a_+C_.*x_"4)"p_,x_Symbol] :=

- (F*x) A (Me1) % (a+Cxx4) A (p+1) * (d+exx”2) /(4xaxfx (p+1)) +

1/ (4*ax (p+1)) *Int[ ('F*x) Amx (a+CxX*4) A (p+1) *Simp [dx (m+4x (p+1) +1) +e% (M+2% (2xp+3) +1) *x"2,X] ,x] /3
FreeQ[{a,c,d,e,f,m},x] && LtQ[p,-1] && IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m])
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

3: J(fx)'"(d+ex2) (a+bx*+cx*)Pdx whenb?-4ac#@ Am>1 Am+4p+3#0

Derivation: Trinomial recurrence 3a

Rule1.2.2.483:1f b2-4ac+@ Am>1 Am+4p+3+0,then
J(fx)m (d+ex?) (a+bx®+cx*)Pdax —

ef (-Fx)'"'1 (a+bx2+cx“)p+1

c(m+4p+3) )
'FZ
—3~J‘(-I=x)""2 (a+bx*+cx*)? (ae(m-1) + (be (m+2p+1) -cd (m+4p+3)) x*) dx
c(m+4p+3)

Program code:

Int [ ('F_. *x_) Am_.x(d_+e_.xx_"2)x(a_+b_.*x_"2+c_.xx_"4) "p_,x_Symbol] g

exfx (Fax) ™ (M-1) % (a+b*X"2+CxXx"4) A (p+1) / (Cx (M+4xp+3)) -

22/ (cx (m+4xp+3) ) +Int [ (F%X) " (m-2) % (a+b#X"2+CxXx 4) "pxSimp [axex (M-1) + (bxex (M+2xp+1) ~Cxdx (M+4xp+3) ) xx*2,X],X] /3
FreeQ[{a,b,c,d,e,f,p},x] & NeQ[b"2-4xaxc,0] & GtQ[m,1] && NeQ[m+4xp+3,0] 8&& IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m])

Int[(F_.*x_) m_.x(d_+e_.*X_"2)*(a_+C_.*x_"4)"p_,x_Symbol] :=

exfx (Fax) ™ (M-1) x (a+Cxx"4) ~ (p+1) / (C* (M+4%p+3)) -

22/ (cx (Mm+dxp+3) ) +Int [ (Fxx) " (M-2) % (a+C*X"4) Apx (axex (M-1) ~Cxdx (M+4xp+3) xx"2) ,X] /;
FreeQ[{a,c,d,e,f,p},x] && GtQ[m,1] & NeQ[m+4xp+3,0] & IntegerQ[2+p] & (IntegerQ[p] || IntegerQ[m])

4: J(-Fx)"' (d+ex2) (a+bx2+cx4)'°d1x whenb?-4ac#0 Am< -1

Derivation: Trinomial recurrence 3b

Rule1.2.2.4.4.8.4:1f b2-4ac+0 A m< -1,then

j(fx)'" (d+ex?) (a+bx*+cx?)Pdx —
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

d (-Fx)"1+1 (a+bx2+cx“)p+1

af (m+1)

+

1
_ (-Fx)'"+2 (a+bx*+cx*)? (ae(m+1) -bd (m+2p+3) -cd (m+4p+5) x*) dx
af? (m+1)

Program code:

Int [ ('F_. *x_) Am_.x(d_+e_.xx_"2)x(a_+b_.*x_"2+c_.xx_"4) "p_,x_Symbol] =

dx (Fxx) " (M+1) % (a+bx"2+Cxx 4) ~ (p+1) / (axfx (m+1)) +

1/ (a*f 2% (m+1) ) #Int [ (Fxx) " (M+2) % (a+bxXx"2+C*X 4) "p+Simp [axex (M+1) -bxdx (M+24p+3) —Cxd+ (M+4xp+5) #x*2,X],X] /;
FreeQ[{a,b,c,d,e,f,p},x] & NeQ[b"2-4xaxc,0] & LtQ[m,-1] && IntegerQ[2+p] && (IntegerQ[p] || IntegerQ[m])

Int[(F_.*x_) m_.x(d_+e_.*Xx_"2)*(a_+C_.*x_"4)"p_,x_Symbol] :=

dx (Fxx) " (M+1) % (a+Cxx”4) ~ (p+1) / (axfx (m+1)) +

1/(a*-F"2* (m+1) ) *Int [ (f*x) A(M+2) * (a+C*X4) "px (axex (M+1) —cxd* (M+4%p+5) ¥*x 2) ,X] /5
FreeQ[{a,c,d,e,-F,p},x] && LtQ[m,-1] && IntegerQ[2xp] &&% (IntegerQ[p] || IntegerQ[m])
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

dx whenb?-4ac#0

5 J~(-Fx)'" (d+ex?)

a+bx?+cx?

d+ex) 4 .
1: J dx whenb?-4ac#0 A cd’>-ae?=0 A >0 A % (2cd-be) >0

a+bx?+cx*

Derivation: Algebraic expansion

e 2 2 _ e diex?  __ e e
Basis: If cd® -ae?=0,letr-.[¢ 2cd-be) , then abxticd = 2 [Frrxecx] + 2 (o xec ]

Rule1.2.2.4.85.1:1f b2-4ac+0 A cd?-ae?2=0 A 450 A € (2cd-be) >0,letr- [ (2cd-be) ,then
e e e

£x)" (d+ex? £x)" £x)"
(7 (arext) oo [ . L
a+bx?+cx? 2 | Y94 _pxscx? Yirx+cex®

e e

N

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"2)/(a_+b_.*x_"2+c_.*x_"4), x_Symbol] :=
With[{r=Rt[c/ex (2xcxd-bxe),2]},
e/2*Int[(f*x) "m/(c*d/e—r'*x+c*x"2) ,x] +
e/2xInt[ (fxx) m/ (cxd/e+rrx+cxx”2),x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4+axc,®] & EqQ[c+d"2-axe"2,0] && GtQ[d/e,0] && PosQ[c/ex (2xcxd-bxe)]

Int[ (F_.*x_)™m_.x(d_+e_.*x_"2)/(a_+C_.*x_"4), x_Symbol] :=
With[{r=Rt[2xc"2xd/e,2]},
e/2xInt [ ('F*x) "m/(c*d/e-r‘*x+c*x"2) ,x] +
e/2xInt[ (fxx) m/ (cxd/e+rsx+cxx”2),x]] /;
FreeQ[{a,c,d,e,f,m},x] && EqQ[cxd"2-axe"2,0] && GtQ[d/e,0]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

d+ex)
2: J dx whenb?-4ac#0
a+bx?+cx?

Derivation: Algebraic expansion
|
H 2 d+e z __ [e 2cd-be 1 e 2cd-be 1
Basis:Letq - \/b®> -4 ac,then — &2 - <2+ T ) %CZ+(2 T ) e
|
Rule1.2.2.4.85.2:1f b>-4ac +0,letq >/ b>-4ac,then

272
(Fx)" (d+ex?) e 2cd-be e 2cd-be (Fx)"
A ax S [—+ ] +(—- ) dx

a+bx?+cx? 2 2icx? 2 2q b,d, cy2
2 2

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"2)/(a_+b_.*X_"2+C_.*X_"4),x_Symbol] :=

With[{q=Rt[b*2-4+axc,2]},

(e/2+ (2xcxd-bxe) / (2+q) ) xInt[ (fx) m/(b/2-q/2+c*x"2) ,x] + (e/2-(2xcxd-bxe)/ (2xq))+Int[ (fxx)"m/(b/2+q/2+c*x*2),x]] /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4+axc,0]

Int[(f_.*x_) m_.(d_+e_.*x_"2)/(a_+C_.*x_"4),x_Symbol] :=

With[{q=Rt[-axc,2]},

- (e/2+cxd/ (2xq) ) »Int [ (fxx) m/(q-c*x*2),x] + (e/2-cxd/ (2%q)) +Int[ (fxx)"m/(q+c*x"2),x]] /;
FreeQ[{a,c,d,e,f,m},x]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

dx whenb?-4ac#0

(Fx)" (d+ex?)?
Q.J a+bx?+cx?
. J-(-Fx)"'(d+ex2)q

. ; dx whenb?-4ac#0 A qez
a+bx®+cx

dx whenb?-4ac#@ A qeZ A meZ

. J«(Fx)"‘ (d+ex?)?

a+bx?+cx?

Derivation: Algebraic expansion

Rule1.2.2.4.9.1.1:1f b2-4ac+0 A qeZ A me Z,then
j(fx)m (d+ex?)?

dx — ExpandIntegrand[
a+bx?+cx*

a+bx?2+cx?

Program code:

Int[(F_.*x_)™m_.x(d_+e_.*x_"2)"q_./ (a_+b_.*X_"2+C_.*X_"4),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"mx (d+exx"2)q/ (a+bxx"2+c*x"4),x],x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4xaxc,8] & IntegerQ[q] & IntegerQ[m]

Int[(F_.*x_) m_.x(d_+e_.*Xx_"2)"q_./ (a_+C_.*x_"4),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m« (d+exx"2)~q/ (a+c*x*4),x],x]| /;
FreeQ[{a,c,d,e,f,m},x] && IntegerQ[q] & IntegerQ[m]

> ; dx whenb?-4ac#@ A qeZ Am¢zZ
a+bx“+cx

_ (1=x)"'(d+ex2)q
2: J—

Derivation: Algebraic expansion

Rule1.2.2.4.9.1.2:1f b2-4ac+0© A qeZ A m¢Z,then

(Fx)" (d+ex?)?

,x] dx
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

(Fx)" (d+ex?)?
|

ax — | (fx)" ExpandIntegrand[
a+bx?+cx?

Program code:

Int[ (F_.#x_)™m_.*(d_+e_.xx_"2)"q_./(a_+b_.*Xx_"2+c_.*x_"4),x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m, (d+exx"2)"q/ (a+bxx"2+c*x*4) ,x],x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4xaxc,@] & IntegerQ[q] & Not[IntegerQ[m]]

Int[(F_.*x_) m_.x(d_+e_.*Xx_"2)"q_./ (a_+C_.*x_"4),x_Symbol] :=
Int[ExpandIntegrand [ (fxx)~m, (d+exx"2)"q/ (a+c*x4),x],x] /;
FreeQ[{a,c,d,e,f,m},x] && IntegerQ[q] & Not[IntegerQ[m]]

(d+ex2)q

3
a+bx?+cx?

x] dx
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

(£x)™ (d+ex2)?
Z.I dx whenb?-4ac#0 A q¢z

a+bx?+cx?

(£x)™ (d+ex2)9
1.J dx whenb?-4ac#@ A q¢Z A q>0

a+bx?+cx?

(£x)™ (d+ex2)?
1.j dx whenb?-4ac#0 A q¢Z Aq>0 Am>1

a+bx?+cx?

dx whenb?-4ac#0 A q¢Z A q>0 Am>3

.. J(-Fx)"' (d+ex?)?

a+bx?+cx?

Reference: Algebraic expansion

S - a(cd-be)+(bcd-b*e+ace) z
BaS|S. d+ez __ cd-beicez a( )+ ( + )

a+b z+c 22 c2z? c2z? (a+b z+c 22)
Rule1.2.2.4.9.2.1.1.1:1f b2-4ac+0© A q¢Z A q>0 A m> 3, then

dx —

(Fx)" (d+ex?)?
| e

a+bx?+cx*

£ J~(fx)’"'4 (d+ex2)q'1 (a(cd-be) + (bcd-b*e+ace) x?)
dx

4
1:—2J‘(1:x)""4 (cd—be+cex2) (d+ex2)q'1dlx——
c

c? a+bx?+cx*

Program code:

Int[ (F_.*x_)™m_.x(d_.+e_.#X_"2)"q_/ (a_+b_.*Xx_"2+C_.*Xx_"4),x_Symbol] :=

fr4/cr2+Int [ (Fxx) " (m-4) » (cxd-bxe+rcxexx”2) x (d+exx"2) A (q-1) ,x] -

'F"4/C"2*Int [ ('F*x) A(M-4) x (d+exx"2) ~ (q-1) xSimp[a* (cxd-bxe) + (bxcxd-b”2xe+axcxe) *x"2,x]/(a+b*x"2+c*x"4) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & Not[IntegerQ[q]] && GtQ[q,0] && GtQ[m,3]

Int[(F_.*x_) m_.x(d_.+e_.#x_"2)"q_/ (a_+C_.*x_"4) ,x_Symbol] :=
fra/cxInt [ (Fxx)” (m-4) x (d+exx"2) Aq,x]| -
axfr4/cxInt [ (F*x) " (m-4) » (d+exx"2) *q/ (a+c*x"4) ,x]| /;
FreeQ[{a,c,d,e,f,q},x] && Not[IntegerQ[q]] && GtQ[m,3]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p
q

d+ex)
2: J dx whenb?-4ac#0 A q¢Z Aq>0 A l<ms3
a+bx?+cx?

Reference: Algebraic expansion

BaS|S. diez .. e _ ae-(cd-be)z
a+b z+c 22 cz cz (a+bz+c z?)
 Rule1.2.2492112:1fb2-4ac+0AqéZAgq>0Alams 3,then
m . 2 . q-1 _ _ 2
J\(-Fx) (d ex) —ffxmz (d+ex) qldlx——J. (Fx)"* (d+ex?)%" (ae- (cd-be) x?)
a+bx?+cx? a+bx?+cx?

Program code:

Int[(F_.*x_)™m_.x(d_.+e_.#X_"2)"q_/ (a_+b_.*X_"2+C_.*X_"4),x_Symbol] :=
exfr2/cxInt [ (fxx)”(m-2) » (d+exx"2) A (q-1) ,x] -
£22/cxInt [ (Fxx) " (m-2) » (d+exx"2) A (q-1) xSimp [axe- (cxd-bxe) xx"2,X] / (a+b#x"2+cxx4) , x| /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,@] && Not[IntegerQ[q]] && GtQ[q,0] && GtQ[m,1] && LeQ[m,3]

Int[(F_.*x_) m_.x(d_.+e_.#X_"2)"q_/ (a_+C_.*x_"4) ,x_Symbol] :=
exfr2/cxInt [ (Fxx)”(m-2) x (d+exx2) A (q-1) ,x] -
£A2/cxInt [ (Fxx)~ (m-2) » (d+exx"2) A (q-1) xSimp [axe-cxd*x"2,X] / (a+cxx4) ,x] /;
FreeQ[{a,c,d,e,f},x] && Not[IntegerQ[q]] & GtQ[q,0] && GtQ[m,1] & LeQ[m,3]

dx
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

q

d+ex)
2: J dx whenb?-4ac#@ A q¢Z A q>0 Am<0
a+bx?+cx?

Reference: Algebraic expansion

Basis: —d:ez . d _ z(bd-ae:cdz)
a+b z+c 22 a a (a+b z+C zz)

Rule1.2.2.4.9.2.1.2:1f b2-4ac+0© A q¢Z A q>0 A m< 0,then

t (bd-ae+cdx?)

J(fX)m (d+eX2)_q dx — E_r('FX)rrl (d+eX2)q_1dlx- * (-Fx)"”z (d+ex2)q'

a+bx?+cx? a

Program code:

Int[ (F_.*x_) m_x (d_.+e_.*x_"2)"q_/ (a_+b_.#Xx_"2+c_.*x_"4) ,x_Symbol] :=

d/axInt[ (fxx) mx (d+exx"2)"(q-1),x] -

1/(a*-F"2) *Int [ ('F*x) A(M+2) x (d+exx”~2) A (q-1) *Simp [b*d—a*e+c*d*x"2,x]/(a+b*x"2+c*x"4) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & Not[IntegerQ[q]] && GtQ[q,0] && LtQ[m,0]

Int[ (F_.*x_) m_x(d_.+e_.*x_"2)"q_/ (a_+C_.*X_"4) ,x_Symbol]

d/asInt [ (fxx) m« (d+exx"2)~(q-1),x]| +

1/(a*-F"2) *Int [ ('F*x) A(M+2) * (d+exx"2) A (q-1) *Simp [a*e—c*d*x"z,x]/(a+c*x"4) ,x] /3
FreeQ[{a,c,d,e,f},x] && Not[IntegerQ[q]] & GtQ[q,0] && LtQ[m,0]

af? a+bx?+cx*

dx
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

(£x)™ (d+ex2)9
Z.J dx whenb?-4ac#0 A q¢Z A q<-1

a+bx?+cx?

(£x)™ (d+ex2)?
1.j dx whenb?-4ac#0 A q¢Z Aq<-1 Am>1

a+bx?+cx?

dx whenb?-4ac#0 A q¢Z A q<-1Am>3

.. J~(-Fx)"' (d+ex?)?

a+bx?+cx?

Reference: Algebraic expansion

. 2 ~
BaS|S: 1 d _ (d+ez) (ad+(bd-ae) 2)

asbzscz? (cd*-bde+ae?) 22 (cd’>-bde+ae?) 22 (a+bz+c 2?)

Rule1.2.2.4.9.22.1.1:1f b>-4ac+@ A qé¢Z A g< -1 A m> 3, then

m m-4 +1
f(fx) (d+exz)qd1x—> i j(fX)m'4(d+ex2)q&x_ £ J(’cx) (d+ex?)%" (ad+ (bd-ae) x?)

a+bx?+cx* cd’-bde+ae? cd’-bde+ae? a+bx?+cx*

Program code:

Int[ (F_.*x_)™m_.x(d_.+e_.#X_"2)"q_/ (a_+b_.*X_"2+C_.*X_"4),x_Symbol] :=

d"z*f"4/(c*d"2—b*d*e+a*e"2) *Int [ ('F*X) A(m-4) x (d+exx"2) "q,x] -

-F"4/(c*d"2-b*d*e+a*e"2) *Int [ ('F*x) A (m-4) x (d+exx"2) ~ (q+1) *Simp [axd+ (bxd-axe) *x"Z,x]/(a+b*x"2+c*x"4) ,x] /3
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && Not[IntegerQ[q]] && LtQ[q,-1] & GtQ[m,3]

Int[(F_.*x_) m_.x(d_.+e_.#X_"2)"q_/ (a_+C_.*x_"4),x_Symbol] :=
d*2+f74/ (cxd 2+axen2) xInt[ (fxx)~ (m-4) « (d+exx*2) ~q,x] -
a*-F"4/(c*d"2+a*e"2) *Int [ ('F*x) A(M-4) x (d+exx"2) " (q+1) » (d-e*xx”"2) / (a+CxX 4) ,x] /3
FreeQ[{a,c,d,e,f},x] && Not[IntegerQ[q]] & LtQ[q,-1] && GtQ[m,3]

dx
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

d+ex)q
2: J dx whenb?-4ac#0 A q¢Z A q<-1 Al<m<3
a+bx?+cx?

Reference: Algebraic expansion

BaSIS. 1 o de + (d+ez) (ae+cdz)
*asbzscz? (cd’>-bde+ae?) z (cd’>-bde+ae?) z (a+b z+c 22)
Rule1.2.2.4.9.2.2.1.2:1f b?-4ac+0@ A q¢Z A g< -1 A1<m= 3,then
f m d 2\q 2 2 £ m-2 d 2\ q+1 d 2
j—( X)" (d+ex) dlx—»——def .[(-Fx)'"'2 (d+ex?)%dx+ f J( X)"" (drext)™ (aexc X)dlx
a+bx?+cx* cd’-bde+ae? cd’-bde+ae? a+bx?+cx*

Program code:

Int[(F_.*x_)™m_.x(d_.+e_.#X_"2)"q_/ (a_+b_.*X_"2+C_.*X_"4),x_Symbol] :=

—d*e*-F"Z/(c*d"Z—b*d*e+a*e"2) *Int [ ('F*X) A(m-2) x (d+exx"2) "q,x] +

f"z/(c*d"z-b*d*e+a*e"2) *Int [ ('F*x) A(M-2) % (d+exx"2) ~ (q+1) *Simp [a*e+c*d*x"2,x]/(a+b*x"2+c*x"4) ,x] /8
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && Not[IntegerQ[q]] & LtQ[q,-1] & GtQ[m,1] && LeQ[m,3]

Int[(F_.*x_) m_.x(d_.+e_.#X_"2)"q_/ (a_+C_.*x_"4),x_Symbol] :=

—d*e*'F"Z/ (cxd”2+axe”2) xInt [ ('F*X) A(m-2) x (d+exx"2) "q,x] +

f"z/(c*d"2+a*e"2) *Int [ ('F*X) A(M-2) x (d+exx"2) ~ (q+1) *Simp [a*e+c*d*x"2,x]/(a+c*x"4) ,x] /3
FreeQ[{a,c,d,e,f},x] & Not[IntegerQ[q]] & LtQ[q,-1] && GtQ[m,1] & LeQ[m,3]

dx whenb?-4ac#0 A q¢Z A q<-1

. j(fx)m (d+ex?)?

a+bx?+cx*

Derivation: Algebraic expansion

fee 1 - e? (d+ez) (cd-be-cez)
Basis: atbzicz?  cd’-bdesae’ | (cd’-bde+ae?) (a+bz+cz?)

Rule1.2.2.4.9.22.2:1f b2-4ac+0 A q¢Z A q< -1,then



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

fx)" (d+ex?)® 2 fx)" (d+ex?)*! (cd-be-cex?
J—( X) ( +ex) dx — S J(fx)m(d+ex2)qu+ ! J( X) ( +ex) (C ¢ Cex)dlx
a+bx?+cx? cd’-bde+ae? cd’-bde+ae? a+bx?+cx?

Program code:

Int[(F_.#x_)™m_.%(d_+e_.*x_"2)"q_/ (a_+b_.*x_"2+C_.*x_"4) ,x_Symbol] :=

e”2/ (cxd*"2-bxdxe+axe”2) xInt [ ('F*x) Amx* (d+exx"2) "q,x] +

1/ (c*d"2-bxdxe+axer2) »Int [ (fxx) mx (d+exx"2) " (q+1) »Simp [cxd-bxe-cxexx2,x] / (a+bxx"2+c*x 4) ,x]| /;
FreeQ[{a,b,c,d,e,f,m},x] & NeQ[b"2-4+axc,@] & Not[IntegerQ[q]] && LtQ[q,-1]

Int[ (f_.*x_)™m_.x(d_+e_.*Xx_"2)"q_/ (a_+C_.*Xx_"4),x_Symbol] :=

e”r2/ (cxd*2+axe”2) xInt [ ('F*X) Am* (d+e*x"2)"q,x] +

¢/ (cxd™2+axe"2) xInt[ (fxx) *mx (d+exx"2) "~ (q+1) * (d-exx"2) / (a+Cxx"4) ,x| /;
FreeQ[{a,c,d,e,f,m},x] && Not[IntegerQ[q]] && LtQ[q,-1]

dx whenb?*>-4ac#0 A qQ¢Z Amez

. J-(fx)'" (d+ex?)?

a+bx?+cx?

Derivation: Algebraic expansion

|
. B 2 B 1 o 2cC _ 2cC
Basis: If q = b 4ac 7then atbz+cz2 = q (b-g+2cz) g (b+g+2cz)

Rule1.2.2.4.9.23:1f b2-4ac+0 A q¢Z A me Z,then

(Fx)"

,x]d]x
a+bx?+cx?

(Fx)" (d+ex?)?
v

dx — | (d+ex?)1 ExpandIntegrand[
a+bx?+cx?

Program code:

Int[(F_.#x_) m_.%(d_+e_.*x_"2)"q_/ (a_+b_.*x_"2+C_.*x_"4) ,x_Symbol] :=
Int [ExpandIntegrand[ (d+exx"2)Aq, (fxx)~m/ (a+bxx"2+c*x"4),x],x] /;
FreeQ[{a,b,c,d,e,f,q},x] & NeQ[b"2-4+axc,0] & Not[IntegerQ[q]] & IntegerQ[m]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p
Int[(f_.*x_)™m_.x(d_+e_.*x_"2)"q_/ (a_+C_.*X_"4) ,x_Symbol]

Int[ExpandIntegrand[(d+e*xA2)Aq,(f*x)Am/(a+c*xA4),x],x] /3
FreeQ[{a,c,d,e,f,q},x] && Not[IntegerQ[q]] & IntegerQ[m]

d+ex)
4: J dx whenb?-4ac#0 A q¢Z Am¢z
a+bx?+cx?

Derivation: Algebraic expansion

|
. B 2 1 . 2cC B 2c
Basis: If g = \/b% -4ac,then - = Thgzcn ~ qbrarzca)

Rule1.2.2.4.9.2.4:1f b2-4ac+0 A q¢Z A m¢ Z,then

1

(F%)" (d+ex?)®
e

dx — J(f x)" (d+ex?) ExpandIntegr‘and[
a+bx?+cx?

_ x] dx
a+bx?+cx*

Program code:

Int[(F_.*x_) m_.x(d_+e_.*x_"2)"q_/ (a_+b_.#x_"2+c_.*x_"4) ,x_Symbol] :=
Int [ExpandIntegrand[ (fx)"mx (d+exx"2)~q,1/ (a+b*xx"2+c*x"4),x],x]| /;
FreeQ[{a,b,c,d,e,f,m,q},x] & NeQ[b*2-4xaxc,0] & Not[IntegerQ[q]] && Not[IntegerQ[m]]

Int[(F_.*x_) m_.x(d_+e_.*Xx_"2)"q_/ (a_+C_.*X_"4) ,x_Symbol]
Int[ExpandIntegrand [ (f+x)"m« (d+exx"2)~q,1/ (a+cxx*4),x],x]| /;
FreeQ[{a,c,d,e,f,m,q},x] & Not[IntegerQ[q]] && Not[IntegerQ[m]]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

q

d+ex)
10: J dx whenb?2-4ac#0
a+bx?+cx?

Derivation: Algebraic expansion

]
ice _ <l h2 _ 1 __ 2c _ 2c
Basis: If r = \/b* -4 ac,then atbz+cz?  r (b-r+2cz) r (b+r+2cz)

Rule 1.2.2.4.10: If b2 -4 a c + 0, then

dx —» — dx

a+bx?+cx? r b-r+2cx?

J«(-Fx)'"(d+ex2)q 2¢ (-Fx)"'(d+ex2)qdlx_2_<;J~(1:x)'"(d+ex2)q

b+r+2cx?

Program code:

Int[(F_.*x_) m_.x(d_+e_.*x_"2)"q_/ (a_+b_.#x_"2+C_.*x_"4) ,x_Symbol] :=

With[{r=Rt[b*2-4+axc,2]},

2xc/r+Int [ (fax) m« (d+exx"2)Aq/ (b-r+2#cxx"2) ,x| - 2xc/r+Int[ (fxx) mx (d+exx"2)q/ (b+r+2xc*x"2),x]] /;
FreeQ[{a,b,c,d,e,f,m,q},x| && NeQ[b*2-4xaxc,0]

Int[(f_.#x_) m_.*(d_+e_.*x_"2)"q_/ (a_+c_.*x_"4),x_Symbol]

With[{r=Rt[-axc,2]},

-C/ (2r) *Int [ (fxx)"mx (d+exx"2) Aq/ (r-c*x"2) ,x] - ¢/ (2xr)+Int[(fxx)"m« (d+exx"2)~q/ (r+c*x"2),x]] /;
FreeQ[{a,c,d,e,f,m,q},x]



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

4\ p

" J(fx)'"(a+bx2+cx)

. dx whenb?-4ac#0
d+ex

. J-(fx)"' (a+bx?+cx*)P

. dx whenb?-4ac#@ A p>0 Am<0
d+ex

dx whenb*>-4ac#0 A p>0 A m< -2

] (Fx)" (a+bx?+cx*)P
’ J d+ex?
Reference: Algebraic expansion

BaSIS- a+bz+cz? __ ad+(bd-ae)z + (cd?>-bde+ae?) 22
' deez d2 d? (d+e z)

Rule1.2.2.4.11.1.1:1f b>-4ac+0 A p>0 A m< -2, then

dx —

(Fx)" (a+bx?+cx*)?
J d+ex?

1 cd’-bde+ae?

( x)m+4 (a+bx*+c x“)"'1

d_z (fx)" (ad+ (bd-ae) x?) (a+bx2+cx4)p'1dlx+ YT

Program code:

Int[ (F_.*x_) m_% (a_.+b_.*X_"2+C_.*X_"4)"p_./(d_.+e_.*x_"2),x_Symbol] :=
1/d”2xInt [ ('F*X) Am* (axd+ (bxd-axe) xx*2) x (a+b*x"2+c*x"4) ~ (p-1) ,X] +

J

d+ex?

(c*d"z—b*d*e+a*e"2)/(d"z*f"4) *Int [ ('F*x) A (M+4) x (a+bxx*2+cxx”4) ~ (p-1) / (d+e*x"2) ,x] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && GtQ[p,0] && LtQ[m,-2]

Int[ (f_.*x_) m_%(a_+C_.*x_"4)"p_./(d_.+e_.*x_"2),x_Symbol] :=

a/d"2+Int [ (Fxx) Amx (d-exx"2) » (a+cxx™4) ~ (p-1) ,x]| +

(cxd~2+axen2) /(d*2+F74) +Int [ (F*x) " (m+4) » (a+cxx"4) ~ (p-1) / (d+exx"2) ,x] /;
FreeQ[{a,c,d,e,f},x]| && GtQ[p,0] & LtQ[m,-2]

dx

37



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

p

dx whenb?-4ac#0 A p>0 Am<0

). J«(fx)'" (a+bx®+cx*)

d+ex?

Reference: Algebraic expansion

BaSIS- atbz+cz? __ ae:cdz _ (cd’>-bde+ae?) z
: d+ez de de (d+e z)

Rule1.2.2.4.11.1.2:1f b>-4ac+0 A p >0 A m< 0,then

+cx“)p

(Fx)" (a+bx?
J

d+ex?

dx —

cd’-bde+ae?

(f x)m+2 (a +bx?+c x“)p'1

di (-Fx)'" (ae+cdx2) (a+bx2+cx4)p'1d1x—
e

Program code:

de f?

Int [ (F_.#x_) m_x(a_.+b_.*Xx_"2+c_.*X_"4)"p_./(d_.+e_.xx_"2),x_Symbol] :=

1/ (dxe) *Int [ ('F*x) mx (axe+C*xd*x"2) * (a+b*x*2+c*xx"4) ~ (p-1) ,x] -

J

d+ex?

(cxd*2-bxdxe+axen2) /(dxexf 2) +Int[ (Fxx) " (M+2) * (a+bsx 2+Ccxx 4) ~ (p-1) / (d+exx 2) ,X]| /;
FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] & GtQ[p,0] && LtQ[m,0]

Int[(f_.*x_) m_x(a_+c_.*x_"4)"p_./(d_.+e_.*x_"2),x_Symbol] :=
1/ (dxe) xInt [ ('F*X) Amx (axe+CxdxX"2) x (a+Cxx"4) ~ (p-1) ,X] -

(cxd*2+axen2) /(dxexfr2) «Int[ (Fxx)~ (m+2) « (a+C*x 4) ~ (p-1) / (d+exx*2) ,x] /;

FreeQ[{a,c,d,e,f},x] && GtQ[p,0] & LtQ[m,0]

dx

38



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

dx whenb?-4ac#0 A p<-1 Am>0

) J~(-Fx)"' (a+bx®+cx*)P

d+ex?

(Lo osoe scry

" dx whenb?-4ac#@ A p<-1Am>2
d+ex

Reference: Algebraic expansion

Basis. z2 o ad+(bd-ae) z . d? (a+b Z+C Zz)
* diez cd’-bde+ae? (cd®>-bde+ae?) (d+ez)

Rule1.2.2.4.11.2.1:1f b2-4ac+0 A p< -1 A m> 2, then

dx —

(-Fx)"' (a+bx2+cx“)p
J d+ex?
f4

_—J\(Fx)m'4 (ad+ (bd-ae) x*) (a+bx*+cx*)Pdx+

cd’-bde+ae? cd’-bde+ae? d+ex?

Program code:

Int[(F_.*x_)™m_.x(a_.+b_.#x_"2+C_.*x_"4)"p_/ (d_.+e_.*x_"2),x_Symbol] :=
--F"4/(c*d"2—b*d*e+a*e"2) *Int [ ('F*x) A (m-4) x (axd+ (bxd-axe) ¥*x*2) x (a+b*x*2+c*x"4) "p,x] +
d*2+f4/ (cxd"2-bxdxe+axer2) xInt[ (Fxx) A (m-4) * (a+b*x"2+C*x"4) A (p+1) / (d+exx"2) ,x] /;

FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] 8&& LtQ[p,-1] & GtQ[m,2]

Int[(f_.#x_)™m_.*(a_+Cc_.*x_"4)"p_/(d_.+e_.xx_"2),x_Symbol] :=
-a*f"4/(c*d"2+a*e"2) *Int [ ('F*x) A(m-4) % (d-e*Xx"2) % (a+C*Xx"4) "p,x] +
d*2+f24/ (cxd 2+axen2) xInt[ (Fxx)~ (m-4)  (a+Cxx 4) ~ (p+1) / (d+exx*2) ,x] /;

FreeQ[{a,c,d,e,f},x] && LtQ[p,-1] && GtQ[m,2]

d? f* J%fxw4(a+bﬁ+cxﬂ“1



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

p

dx whenb?-4ac#0 Ap<-1 Am>0

). J«(fx)"' (a+bx®+cx*)

d+ex?

Reference: Algebraic expansion

BaS|S: z aercdz de (a+bz+cz?)

diez  cd’-bde+ae? (cd>-bde+ae?) (d+ez)

Rule1.2.2.4.11.2.2:1f b>-4ac+0 A p< -1 A m> 0,then

(Fx)" (a+bx?+cx*)?
/

dx —
d+ex?
£2 de 2 £x)™2 (a+bx?+cx?)P?
—J‘(-Fx)'"'2 (ae+cdx?) (a+bx®+cx*)Pdx- € J‘( x)"* (a+bx?+cx?) ix
cd’-bde+ae? cd?’-bde+ae? dsex?

Program code:

Int[ (F_.*x_)™M_.% (a_.+b_.#x_"2+C_.*x_"4)"p_/ (d_.+e_.*x_"2),x_Symbol] :=
-F"2/(c*d"2—b*d*e+a*e"2) *Int [ ('F*X) A(M-2) x (axe+Cxd*xX"2) x (a+b*X"2+C*X"4) "p,x] -
d*e*'F"z/(c*d"Z—b*d*e+a*e"2) *Int [ (f*x) A(m-2) x (a+b*x"2+c*x"4) ~ (p+1) / (d+exx"2) ,X] /3

FreeQ[{a,b,c,d,e,f},x] && NeQ[b"2-4xaxc,0] && LtQ[p,-1] && GtQ[m,0]

Int[ (F_.*x_) m_.%(a_+C_.*x_"4)"p_/ (d_.+e_.*x_"2),x_Symbol] :=
12/ (cxd”2+axer2) «Int [ (Fxx) " (m-2) » (axe+cxdXx"2) » (a+cxx"4) *p,x] -
dxexfr2/(cxd"2+axen2) xInt [ (Fxx) " (m-2) » (a+cxx"4) ~ (p+1) / (d+exx"2) ,x] /;
FreeQ[{a,c,d,e,f},x]| && LtQ[p,-1] && GtQ[m,0]

Xm
3. d1xwhenb2-4ac¢e/\gez
(d+ex2) Va+bx?+cxt

Xm
1.J d]xwhenbz—4ac¢0/\fez+
(d+ex?) Va+bx*+cx?



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

X2
1. dx whenb?-4ac#0
(d+ex?) Va+bx?+cx?

x2 .
1: dx whenb?-4ac#0 A cd’-bde+ae?#0 A $>0 A cd>-ae?=0
(d+ex2)

a
Va+bx?+cx?

Derivation: Algebraic expansion

Rule1.2.2.4.11.3.1.1.1:If b?-4ac+0 A cd’-bde+ae?+0 A >0 A c d? - ae? == 9, then
J‘ x2 ix d J 1 ax d J‘ d-ex? ix
(d+ex2) Va+bx?+cx? 2de Va+bx?+cx? 2de (d+ex2) Va+bx?+cx?

Program code:

Int[x_"2/((d_+e_.xx_"2)*xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
d/ (2xdxe) *Int[1/Sqrt[a+b*x*2+c*x*4],x] -
d/ (2xdxe) *Int[ (d-exx"2) / ( (d+exx"2) xSqrt[a+b*x"2+c*x*4]) ,x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && PosQ[c/a] && EqQ[cxd*2-axe”2,0]

Int[x_"2/((d_+e_.xx_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=

d/ (2xdxe) xInt[1/Sqrt[a+c*x"4],x] -

d/ (2xdxe) *Int[ (d-exx"2) / ( (d+exx"2) xSqrt[a+c*x"4]) ,x] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd*2+axe”2,0] &% PosQ[c/a] && EqQ[cxd"2-axe”2,0]

X2 2 2 2 C 2 2
2: dx whenb“-4ac#0 A cd°-bde+ae ¢0A;>0/\cd -ae“+0

(d+ex?) Va+bx*+cx?

Derivation: Algebraic expansion

1 B d <1+q X2>
e-dq (e-dq) (d+ex?)

. XZ o
Basis: Tl &

Rule1.2.2.4.11.3.1.1.2:1f b?-4ac+0 A cd’-bde+ae?+0 A $>0 A cdz—aezie,letqedg,then



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

x2 a(e+dq) 1 ad (e+dq) 1+qx?
dx — - 3 " J-~ dx + 3 5
(d+ex2)’\/a+bx2+cx4 cd®-ae Va+bx?+cx? cd®-ae (d+ex2)‘\/a+bx2+cx4

Program code:

Int[x_"2/((d_+e_.xx_"2)*xSqrt[a_+b_.xx_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]1},
-ax (e+dxq) / (cxd*2-axe”2) xInt[1/Sqrt[a+bxx"2+c*Xx*4] ,Xx] +
axdx (e+dxq) / (cxd*2-axe”2) xInt[ (1+q*x”*2) / ( (d+exx"2) xSqrt[a+bxx"2+c*xx"4]),x]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && NeQ[cxd*2-bxdxe+axe”2,0] && PosQ[c/a] && NeQ[cxd*2-axe”2,0]

Int[x_"2/((d_+e_.xx_"2)*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{qg=Rt[c/a,2]},
-ax* (e+dxq) / (cxd*2-axe”2) xInt[1/Sqrt[a+cxx 4] ,x] +
axdx (e+dxq) / (cxd*2-axe”2) »Int[ (1+q*x"2) / ((d+exx”"2) xSqrt[a+c*x*4]),x]1] /;
FreeQ[{a,c,d,e},x] && NeQ[cxd"2+axe”2,0] && PosQ[c/a] && NeQ[cxd"2-axe”2,0]

dx

42



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p 43

X4
Z.J dlxwhenb2—4ac¢0/\§>0
(d+ex?) Va+bx?+cx?
X4
1:J d1xwhenb2-4ac¢e/\§>0Acd2-ae2==e
(d+ex2) Va+bx?+cx?

Derivation: Algebraic expansion

Rule1.2.2.4.11.3.1.2.1:If b>-4ac +0 A S>0 A C d? - a e? == 9, then

x4 1 d-ex? d? 1
le—)—_ZJ\—le+—2 dx
(d+ex?) Va+bx?+cx* € JvVa+bx?+cx? e (d+ex?) Va+bx?+cx*

Program code:

Int[x_"4/((d_+e_.xx_"2)*Sqrt[a_+b_.*x_"2+c_.x*x_"4]),x_Symbol] :=
-1/e”2%Int[ (d-exx"2) /Sqrt[a+b*x"2+c*x"4],x] + d*2/e”2xInt[1l/ ((d+exx"2)xSqrt[a+bx*x*2+c*xx"4]),x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] &&% PosQ[c/a] && EqQ[cxd"2-axe”2,0]

Int[x_"4/ ((d_+e_.xx_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=
-1/e”2%Int[ (d-exx"2) /Sqrt[a+c*x"4],x] + d*2/e”2xInt[1/ ((d+exx"2) xSqrt[a+c*x*4]),x] /;
FreeQ[{a,c,d,e},x] && PosQ[c/a] && EqQ[cxd"2-axe”2,0]

x4 .
2: d1xwhenb2-4ac¢e/\;>0Acd2—ae2¢e

(d+ex2) Va+bx?+cx*

Derivation: Algebraic expansion

Rule 1.2.2.4.11.3.1.2.2:If b>-4ac +0 A S>0AC d>-ae?+0,letqg— ./ <, then

x4
dx —
(d+ex*) Va+bx*+cx?



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2cd-aeq 1 1-qx? d?

1+ qx?

X-— dx +

1
- d
ce(e-dq) J‘\/a+bx2+cx“ €dJ vVa+bx?+cx? e(e-dq)

Program code:

Int[x_"4/((d_+e_.x*x_"2)*Sqrt[a_+b_.#*x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
-1/ (exq) *Int [ (1-q*x”"2) /Sqrt[a+b*x*2+c*x*4],x] +
d*2/ (ex (e-dxq) ) *Int[ (1+q*x”~2) / ( (d+exx"2) xSqrt[a+bxx"2+cxx*4]),x] /;
EqQ[2xcxd-axexq,0]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && PosQ[c/a] && NeQ[cxd"2-axe”2,0]

Int[x_"4/ ((d_+e_.*x_"2)xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
-1/ (exq) *Int[ (1-q*x”"2) /Sqrt[a+c*x"4],Xx] +
d*2/ (ex (e-d*q) ) *Int [ (1+gq*x”"2) / ( (d+exx"2) xSqrt[a+cxx"4]),x] /;
EqQ[2xcxd-axexq,0]] /;
FreeQ[{a,c,d,e},x] && PosQ[c/a] && NeQ[cxd*2-axe”2,0]

Int[x_"4/((d_+e_.x*x_"2)*Sqrt[a_+b_.#x_"2+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
- (2xcxd-axexq) / (cxex (e-dxq) ) *Int[1/Sqrt[a+b*x"2+c*x"4],X] -
1/ (exq) *Int[ (1-q*x”~2) /Sqrt[a+b*x*2+c*xx"4],x] +
d~2/ (ex (e-d+q) ) *Int[ (1+q*x"2) / ( (d+exx 2) xSqrt [a+bxx 2+cxx"4]),x]] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] &&% PosQ[c/a] && NeQ[cxd"2-axe”2,0]

Int[x_"4/((d_+e_.xx_"2)*xSqrt[a_+c_.*x_"4]),x_Symbol] :=
With[{q=Rt[c/a,2]},
- (2xcxd-axexq) / (cxex (e-dxq) ) *Int[1/Sqrt[a+c*x"4],x] -
1/ (exq) *Int[ (1-q*x”~2) /Sqrt[a+c*x*4],x] +
d”2/ (ex (e-dxq) ) *Int [ (1+q*x”2) / ( (d+exx"2) »Sqrt[a+cxx"4]),x]] /;
FreeQ[{a,c,d,e},x] &% PosQ[c/a] && NeQ[cxd*2-axe”2,0]

J(d+ex2)

Va+bx?+cx?

dx

44



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

Xm
3: c‘ﬂxwhenb2—4ac¢0/\';—‘—ZGZ+
(d+ex?) Va+bx?+cx?

Rule1.2.2.4.11.3.1.3:1f b2-4ac +0 A % -2 ez then

Xm
dx —
(d+ex?) Va+bx*+cx?
x"5Va+bx?+cx?t 1 J\x’"‘s(ad(m—5)+(ae(m—5)+bd(m—4))x2+(be(m—4)+cd(m—3))x4)
(d+ex?) Va+bx*+cx?

dx
ce (m-3) ce (m-3)

Program code:

Int[x_"m_/ ((d_+e_.*x_"2)xSqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
X~ (m-5) *Sqrt[a+b*x"2+c*x"4] / (cxex (m-3)) -
1/ (cxex (m-3) ) xInt [x" (m-6) / ((d+exx”~2) xSqrt[a+bxx*2+c*x"4]) »
Simp[axdx (m-5) + (axex (m-5) +bxdx (m-4) ) *x*2+ (bxex (m-4) +cxd* (m-3) ) *x*4,Xx] ,x] /3
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && IGtQ[m/2,2]

Int[x_"m_/ ((d_+e_.xx_"2)*xSqrt[a_+c_.*x_"4]),x_Symbol] :=

X~ (m-5) *Sqrt[a+cxx”4]/ (cxex (m-3)) -

1/ (cxex (m-3) ) xInt [x" (m=-6) / ( (d+exx”"2) xSqrt[a+cxx"*4]) xSimp [a*d* (m-5) +a*e* (M-5) *x*2+Cxd* (m-3) x*x"4,Xx] ,x] /;
FreeQ[{a,c,d,e},x] && IGtQ[m/2,2]

Xm
2: dlxwhenb2-4ac¢eAer‘
(d+ex2) Va+bx?+cx*

Rule1.2.2.4.11.3.2:1f b>-4ac +0 A > ez ,then

X"|
dx —
(d+ex?) Va+bx?+cx?



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

dx

x™1vVa+bx?+cx? 1 Jx’“*z(ae(m+1)+bd(m+2)+(be(m+2)+cd(m+3))x2+ce(m+3)x4)
(d+ex?) Va+bx?+cx?

ad (m+1) ad (m+1)

Program code:

Int[x_"m_/ ((d_+e_.*x_"2)*Sqrt[a_+b_.*x_"2+c_.xx_"4]),x_Symbol] :=
X~ (m+1) x*Sqrt[a+bxx*2+cxx”4] / (axd* (m+1) ) -
1/ (a*d* (m+1) ) *Int [x" (m+2) / ((d+exx”2) *Sqrt[a+b*x*2+c*xx"4]) %
Simp[a*e*(m+1)+b*d*(m+2)+(b*e*(m+2)+c*d*(m+3))*xA2+c*e*(m+3)*xA4,x],x] /5
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && ILtQ[m/2,0]

Int[x_"m_/ ((d_+e_.*x_"2)»Sqrt[a_+c_.xx_"4]),x_Symbol] :=

X~ (m+1) *Sqrt[a+c*x”4] / (axd* (m+1)) -

1/ (a*d* (m+1) ) »Int [x"(m+2) / ((d+exx”2) xSqrt[a+cxx”*4]) xSimp[axex (m+1) +Cxd* (m+3) *X 2+C*xe* (M+3) *X"4,X] ,x] /3
FreeQ[{a,c,d,e},x] && ILtQ[m/2,0]

xm
12:J- dlxwhenb2—4ac¢e/\§ez
Vd+ex? Va+rbx?+cx?

Derivation: Piecewise constant extraction

X fe+f—2
Basis: Oy ; =0

\/d+e x?

X2 el 2
. X2 X
Basis: 9y ———— ==

a+b x2+c x4

Note: Sincem - 3 is odd, the resulting integrand can be reduced to an integrand of the form — !

X"2\/e+d x / c+b x+ax?
using the substitution x > =

P

Rule1.2.2.4.12:1f b>-4ac +0 A 2 €z,then



Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

xm
dx —
Vd+ex? Va+bx2+cx? Vd+ex? Vasbx®+cx?

xUJ
< ___
m
+
%
=
n
+
X |e
+
X |o
=
X
3
b

Program code:

Int[x_"m_/ (Sqrt[d_+e_.xx_"2]*Sqrt[a_+b_.*x_"2+c_.*x_"4]),x_Symbol] :=
x*3xSqrt[e+d/x"2] *Sqrt[c+b/x*2+a/x"*4]/ (Sqrt[d+e*x”*2] *Sqrt[a+b*x"2+c*X"4]) %
Int[x”(m-3)/ (Sqrt[e+d/x"2] *Sqrt[c+b/x 2+a/x"4]),x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[b”2-4xaxc,0] && IntegerQ[m/2]

Int[x_"m_/ (Sqrt[d_+e_.xx_"2]*Sqrt[a_+c_.*x_"4]),x_Symbol] :=
x*3xSqrt[e+d/x"2] xSqrt[c+a/x"4]/ (Sqrt [d+exx"2] xSqrt[a+cxx"4]) =

Int [x* (m-3)/ (Sqrt[e+d/x"2] x*Sqrt[c+a/x*4]),x] /;
FreeQ[{a,c,d,e},x] &% IntegerQ[m/2]

13. Jx'" (d+rex?)? (a+bx*+cx*)Pdx whenb?>-4ac#@ A p<-1Aq-1lez*A fez

1: jx’" (d+ex?)? (a+bx®+cx*)’dx whenb®-4ac#8 A p<-1AQq-1€Z*A %ez*

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.2.4.13.1:1f b>-4ac#@ Ap<-1AQq-1ez'A D ez,

let Qx] » PolynomialQuotient [x" (d +ex?)%, a+bx?+cx4, x]and
f + g x> > PolynomialRemainder [xm (d +e xz) 9 a+bx?+cx?t, x} , then

jx"‘ (d+ex?)? (a+bx®+cx*)Pdx —
J(f+gx2) (a+bxz+cx4)pdlx+jQ[X] (a+bxz+cx4)p+1dlx —

x(a+bx2+cx“)p+1 (abg-f (b*-2ac)-c (bf-2ag)x?)

+

2a(p+1) (b*-4ac)
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

1

J(a+bx2+cx4)p+1~

(2a(p+1) (b*-4ac)Q[x] +b*f (2p+3) -2acf (4p+5) -abg+c (4p+7) (bf-2ag)x?)dx

2a(p+1) (b*-4ac)

Program code:

Int[x_"m_»(d_+e_.xx_"2)"q_=*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
With[{f=Coeff [PolynomialRemainder [x"m« (d+exx"2)"q,a+b*x"2+Cc*x"4,X],X,0],
g=Coeff [PolynomialRemainder [x mx (d+e*X"2)"q,a+bxx"2+c*x"4,x],X,2]},
X* (a+b*X"2+CxX"4) ~ (p+1) * (a*b*g—f* (b"2-2xaxc) -cx* (b*f—Z*a*g) *x"2)/(2*a* (p+1) * (b"2-4xaxc)) +
1/(2*a*(p+1)*(bA2—4*a*c))*Int[(a+b*xA2+c*xA4)A(p+1)*
Simp[ExpandToSum[z*a*(p+1)*(bA2—4*a*c)*PolynomiaIQuotient[xAm*(d+e*xA2)Aq,a+b*xA2+c*xA4,x]+
b"r2xfx (2%p+3) —2xaxCxf* (4xp+5) —axbxg+Cx (4xp+7) * (b*'F—Z*a*g) *X"Z,X] ,X] ,X] ] /5
FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && LtQ[p,-1] && IGtQ[q,1] && IGtQ[m/2,0]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

2: Jx"‘ (d+ex?)? (a+bx®+cx*)Pdx whenb®-4ac#8 A p<-1AQq-1€zZ*A er‘

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.2.4.13.2:1f b>-4ac+@ Ap<-1AQq-1lez2'A D ez,

let Q[x] - PolynomialQuotient [x" (d+ex?)9, a+bx?+cx4, x| and
f + g x> > PolynomialRemainder [x"‘ (d +e xz)q, a+bx?+cx4, x] s then

J-XI“ (d+ex?)? (a+bx®+cx*)Pdx —
J(f+gx2) (a+bx2+cx4)pd1x+jQ[x] (a+bx?+cx*)Pax —

x(a+bx2+cx“)'J+1 (abg-f (b*>-2ac)-c (bf-2ag) x?)

+

2a(p+1) (b*-4ac)
1

Jx’" (a+bx2+cx4)p+1-
2a(p+1) (b*-4ac)

(2a(p+1) (b®-4ac)x™Q[x] + (b*f (2p+3) -2acf (4p+5) -abg) x"+c (4p+7) (bFf-2ag)x*") dx

Program code:

Int[x_"m_=»(d_+e_.xx_"2)"q_=*(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

With[{f=Coeff [PolynomialRemainder [x"mx (d+exx"2)"q,a+b*x"2+Cc*x"4,X],X,0],

g=Coeff[PolynomialRemainder [Xx"m« (d+e+X"2) q,a+b*x"2+c*x 4,x1,X,2] },
X* (Q+b*X"2+CxX"4) ~ (p+1) * (a*b*g—f* (b~r2-2xa*c) -C* (b*f—z*a*g) *x"2)/(2*a* (p+1) * (b"2-4xaxc)) +
1/ (2*a* (p+1) * (b”2-4xaxc) ) xInt [x"m* (a+b*x"2+cxx"4) "~ (p+1)
Simp [ExpandToSum [Z*a* (p+1) * (b”2-4xaxc) *x” (-m) xPolynomialQuotient [x"mx (d+exx"2) *q,a+b*x"2+c*x 4,Xx] +
(b"Z*'F* (2%p+3) -2*xa*xCxf* (4xp+5) —a*b*g) *X™ (-m) +Cx (4%p+7) * (b*f—z*a*g) *X" (2-m) ,X] ,X] ,x] ] /3

FreeQ[{a,b,c,d,e},x] && NeQ[b”2-4xaxc,0] && LtQ[p,-1] && IGtQ[q,1] && ILtQ[m/2,0]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

14: J(fx)m(d+exz)q (a+bx*+cx*)Pdx whenb?-4ac#@ A (pez* vV qez* vV (m|Qq) €Z)

Derivation: Algebraic expansion

Rule1.2.2.4.14:If b>-4ac+@ A (peZ* VvV qeZ" V (m|q) €Z),then

j(fx)m (d+ex?)? (a+bx®+cx*)Pdx — JExpandIntegr‘and[(fx)m (d+ex?)? (a+bx®+cx*)?, x] dx

Program code:

Int[(F_.*x_) M_.% (d_+e_.*X_"2)"q_.* (a_+b_.*X_"2+C_.*X_"4)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m« (d+ex"2) Aqx (a+bxx"2+c*x"4) *p,x]|,x]| /;
FreeQ[{a,b,c,d,e,f,m,p,q},x| && NeQ[b"2-4xaxc,0] && (IGtQ[p,0] || IGtQ[q,@] || IntegersQ[m,q])

Int[ (F_.*x_) m_.x(d_+e_.*X_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
Int[ExpandIntegrand [ (f+x)"m (d+e+x"2) g« (a+cxx"4)"p,x],x]| /;
FreeQ[{a,c,d,e,f,m,p,q},x] && (IGtQ[p,0] || IGtQ[q,@] || IntegersQ[m,q])
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

15 [(6" (00 0€)" os )P o5 vhanpez n gz

Derivation: Algebraic expansion

Basis: If g € Z,then (d+ex?)? = ( d___ _ex )-q

d2-e?x*  d?-e?x*
Note: Resulting integrands are of the form x» (a+bx?)” (c + dx2)® which are integrable.

Rule1.2.2.4.15:1f p¢ z N q € Z,then

(Fx)"

XI'"

d -q
J(f x)" (d+ex?)? (a+cx?)Pdax — Jx'“ (a+cx4)pExpandIntegrand[[ - 4] , x] dx
- X

Program code:

Int[ (F_.*x_)™m_.x(d_+e_.*Xx_"2)"q_x (a_+C_.*X_"4)"p_,Xx_Symbol] :=
(-F*x) "m/x"m*Int [ExpandIntegrand [x m* (a+CxXx"4) ~p, (d/ (d*2-e”2xXx*4) —-exx*2/ (d*2-e”*2xx"4) )~ (-q) ,X],Xx] /;
FreeQ[{a,c,d,e,f,m,p},x] & Not[IntegerQ[p]] && ILtQ[q,O]

u: J(-Fx)'“ (d+ex?)? (a+bx?+cx*)”dx

Rule 1.2.2.4.U:

j(fx)"‘ (d+ex2)q (a+bx2+cx4)pdlx — J(-Fx)'" (d+ex2)q (a+bx2+cx4)"d1x

Program code:

Int [ (F_.#x_)™m_. % (d_+e_.*X_"2)"q_. (a_+b_.*X_"2+c_.*x_"4)"p_.,x_Symbol] :=
Unintegrable [ (f+x)~m« (d+exx"2) *gx (a+b*x"2+c#x"4) *p,x]| /;
FreeQ[{a,b,c,d,e,,m,p,q},x]
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Rules for integrands of the form (f x)~"m (d+e x"~2)"q (a+b x~2+c x"4)"p

Int[ (F_.*x_) m_.x (d_+e_.*X_"2)"q_.* (a_+C_.*X_"4)"p_.,x_Symbol] :=
Unintegrable[ (fxx)~m« (d+exx"2) ~qx (a+c*x"4)*p,x]| /;
FreeQ [ {a: c,d,e,f,m, PJQ} )x]
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